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1. Introduction. Let 4 be the Steenrod algebra over Z,, p a prime. It is
well known [4] that it is an augmented Hopf algebra over Z,. The groups
Ext4(Z,, Z,) occur as the E; term of a spectral sequence which may be used
to determine the p-primary components of stable homotopy groups of spheres
[1]. Recent results of Adams [3] indicate that it is fruitful to study the groups
Extg(Z,, Z,), where B is a Hopf subalgebra of 4. In this paper we study a
certain subalgebra of the Steenrod algebra. The results obtained here will be
used in proving an Adams periodicity theorem for p an odd prime. The funda-
mental tool in this investigation is the twisted tensor product construction
introduced by Wall [5].

2. A Hopf algebra on two generators. Let W be a graded, connected alge-
bra with unit and augmentation, generated as an algebra over Z, (p a prime)
by two elements: x of grade ¢, z of grade pq, satisfying the following relations:

x[z, x] = [3, «]x,
3z, x] = [3, «]3,
x? = (),
22 = ([3, 2])7 s,

where [z, x] =21 —x2. »

For p=2 we may interpret W as the subalgebra of the Steenrod algebra
generated by Sq! and Sq?, by letting ¢=1, x=Sq*, 2= Sq% For p odd, we let
x=P z2=P? g=2p—2:in this case W is again the subalgebra of the Steen-
rod algebra generated by P! and P» [4].

Let us write y for [z, x]. It is an easy consequence of the above relations
that y»=0.

Let V be the subalgebra of W generated by 1, x and y. Since x and ¥y
commute, and x?=y?=0, V is, as a (Hopf) algebra, just a tensor product of
two truncated polynomial algebras: Thus a minimal resolution for Z, over V
can be taken to be a tensor product of two minimal resolutions of Z, over
truncated polynomial algebras. We thus have

Exty” (Z,, Zp) 2 ] ho, Aoy hayo, Aevo} i p 0dd,
= Zz[ho, hz,o] ifp=2
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where £{ } denotes the free associative, commutative bigraded algebra over
Z, on generators

ho of bidegree 1, 9,

ko of bidegree (1, ¢(p + 1)),
Ao of bidegree (2, p9),

\z2,0 of bidegree (2, pg(p + 1)).

A minimal resolution for Z, over V is given by the following complex :

€F F
0—Z,«—Fy¢—Fi—++  —F,—F -

We take F,= V®z, F,, where F,~Ext}*(Z,, Z,). We thus conveniently con-
fuse the generators of F, with elements of a Z, basis of Ext}*(Z,, Z,).

We take as a basis for F, the set of formal monomials A\3h] N}, Where
e, n=1o0r 0, and e+2n+n+2r=s. If p=2 we omit A, and substitute 43,
for every occurrence of Aq,o. We define the differential dr in F as follows:

p—1ln

r —1 n—1 r —

dp(k'(;)\z,o) =2 hoho Ano+ y Xohz,o)\;,ol,
n_r n_r 1 n r—1
dr(hohor2,0) = XAoh2,0 — yp’ hohoha, 02,0,

dr(kzhz,o)\;,o) = xp—lhokg—lhz.o)\;.o + yA'JAZ,o,
dp(hokzhz,o)\;.o) = xk;hz,okg.o - yho)\'t;X;.o,
where we set o*=1if k=0, o*=0 if £<O0.

We notice that V is a normal subalgebra of W: VIW= WV, where 7V is the
augmentation ideal. This follows from the relations

2x = x3 + v,
zy = yz.

The normal quotient U=W//V=W/WYV is clearly a truncated polynomial
algebra on the residue class of z, denoted 2. We know that

EXt;'*(Zm Zp) = 3{}’1; Al}’

where & is of bidegree (1, pg) and \, is of bidegree (2, p%q), and where (once
more) if p=2 we omit \; and substitute 4 for every occurrence of \;. We let
® be the following minimal resolution of Z, over U:

ds

€B
0—Z,—By—By¢— -+ —B B ;---,

where B,=U®z, B,, and B, is 1-dimensional over Z,, with a basis A\,
where e=0or 1, and e+42k=r.
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We let

ds(h\y) = BN,
ds(s) = 2 ks
Let & be the following (three-graded) free W-module:

8", = W ®Z, Fr ®Z, FO)

&= &

.8

We introduce an augmentation
€s: 8:.* g Bc
by setting ¢,=7 ®e€r, where 7 is the projection

m: W — U, and er is the augmentation in &.
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3. Twisted tensor product of resolutions. Consider the following situation
(we have described a special case of it above). Let W, U, V be augmented
algebras over a field K. Let ®, § be free resolutions of K over U, V, respec-

tively. Let ®, & be the K-complexes:K ®u &, K ®v:$f.

THEOREM 1 (WALL). If (1) Vis normal in W, (2) W is free as a right module
over V, (3) U=W/[|[V=W/WT7V, then a free resolution & of K over W can be con-

structed as a twisted tensor product of & and 5. That is, if

&= &

r,.

&, =W @k B, ®x F,,

then there exists an augmentation

eE—-8®
and W-maps
di: &p = 8k yaih—1
such that
do=1Q1Q dp,
ed, = dge,
and

k
D deidi=0 fork=0,1,---.

j=0
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Proof. We take the proof of Wall [5] for the special case W=2Z(G),
U=Z(H), V=Z(K), where G, H, K are finite groups, K<G, H=G/K. If we
substitute W, U, V for Z(G), Z(H), Z(K), respectively, wherever they ap-
pear in Wall’s proof, the result is a proof of Theorem 1.

We make § into a complex by setting dg= D = d;.

We remark that the hypothesis (2) of the theorem is always satisfied if V
is a Hopf subalgebra of the Hopf algebra W.

ProrositioN 1. If W, V, U, & are as in §2, we let v, be the chosen basis ele-
ment of B,. We can define the maps dy, as follows:

(1) do s induced by dr,

(2) if ¢ is an even integer,

di(Ye1 ® >\’(;)\;,o) =27, ® )\3)\;,0 - xp_z‘)'q ® ho)\:;—lhz,okg.o,
d1(Ye41 ® >\1(;h2,0>\;,0) =27, ® )\:hz,o)\;.o,
d1(Yar1 ® hoAiA20) = 2Yg ® hoNohz,0 — g ® Nohz,\z.,
di(Yar1 ® hoNoha,iN.0) = 57, ® hokohis, oA,

(3) di(vg42®@a) = (—1) 1 yP~ 20y, Q@ hs ocx, where q s @ non-negative integer,
and o is a basic monomaial,
(4) dm=0 identically for m=2,
(5) ds(v43®a) = (r+1)y,®aNz,0, where q is an even integer and « is a
basic monomial of the form hohgh3 o\,
(6) demi1(Vgr2mi1Q®a) for q odd is defined as follows:
k+m4-1

n_r m r + m m— n_r+m
d2m+1(7\1 ® Aokz,o) = (—1) m'( )Zp_ lhl)\’; ® )\o)\;:o
r

m. ’+m ol 3 m—1—j j— —1—j n— m
+ (=1) “( ) ) > (=0GHmET T T T T @ kv hahere

j=1

r+m

m n r m r+m — k n
d2m+1(7\kx+ * ® Noka,oh2,0) = (—1) m!( , )ZH lhl)\l ® Nokz,oMz,0

m nor m [T+ m - n_rtm
d2m+1(A,;+ + ® hoko)\z,o) = (—1) m'( >Zp—m lhﬂ\': d ho)\o)\;:o
r

r+m

r

r+m

+ (=1)"(m + 1)!( )Zp_m—zhﬂxt ® Noh2,0A20 5

k4+m+1

n m r+m m— n
dami1(A1 ® ho)\ohz.oX;.o) = (—-1) m!( , )Zp- lhl)\l; ® hoxohz.o)\;?,

(7) demi1(Yqroam1®@a) =0 1f q 15 even and m=2.
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Proof. Easy, but tedious induction on the total degree. Special care must
be given for d;, <6.

4. Structure of Extw(Z,, Z,). In order to determine the additive structure
of Extw(Z,, Z,), it is sufficient to compute Tor%(Z,, Z,), since the first is the
graded dual of the second [2]. We exhibit certain elements of Extw(Z,, Z,)
in the following table (here p#2; the structure of Extw(Z., Z,) is given in
Theorem 3). The first column gives the element in Ext which is the dual of the
corresponding element in the third column (this makes sense, for in each re-
levant grading Tor¥(Z,, Z,) turns out to be 1-dimensional).

TABLE 1 (p=2)

Class in Ext Bidegree Representative in Tor
ho 1,9 1®ho

hl (17 PQ) hl®l

No 2, p9) 1®N

A (2, p*q) a1

Mo 2, (p+2)9) $1 ®hoha,o
Yo (2, 2p+1)q) 1212109

X G, (p*+p+1)9) 1 ®horz.0
o 157r<p—1 (2r+1, (rp*+rp+p)g) Bi®).

K 2Ss<p-1 (2s, (sp*—p*+sp+p+1)g) b ®hs.Aro
@ (2p, p¥(p+1)0) 1@,

THEOREM 2 (p5%2). The classes No and w generate a free associative, commuta-
tive algebra L in Extw(Z,, Z,). The classes \; 0Sk<p, ho\] 0=5¢<p—1,
Mo)\: 0=k<p, X)\: 0=<Ek<p, vo, hovo, Oory1 1S5r<p—1, hooora 1Sr<p—1,
Kee 255<p—1, hokas 2Ss<p—1, pooory1 1Sr<p—11s a system of generators
for Extw(Z,, Z,) as a free left L-module.

Proof. We first remark that the elements 1®\, and 1®X\j, indeed give
rise to nonzero elements in Extw(Z,, Z,). Secondly, we notice that the resolu-
tion & of Z, is honestly periodic with respect to the formal multiplication of
the generators by Ao and N, It is now clear that the formal multiplication by
o or A}, corresponds to honest multiplication by N\ or w in Extw(Z,, Z,):
this is an immediate consequence of the preceding sentence and the Yoneda

construction for the product (see, for example, p. 30 [2]). We now only have
to verify that the listed classes indeed glve an L-basis for Extw(Z,, Z,). This
is indeed the case, for a basis for

Ker d/Im d = Tor¥(Z,, Z,)
(d denotes 1®d in Z,®w§) is given by the cosets of the following elements:
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k1 ® Ao 0r<p-—1,
By ® hohzo + (1/7) hny © hz.o)\;,_ol 1S7r<p-—-1,
1 ® h,oh20 0=r<p-—-2
Py ® hohz,dhz,0 0sr=sp-2
M et 0<k<p,

At ® ko 0sk<p-—1,
AL ® hohaso 0<k<p-—1,
N ® holis,o 0= k<.

For completeness, we give the result for p =2 also. This is actually very
easy: a direct proof via a minimal resolution is here painless.

THEOREM 3 (p=2). The algebra Extw(Z,, Zs2) is isomorphic to the quotient
of a polynomial algebra on classes

ho of bigrading (1, q)
hi of bigrading (1, 2¢),
u of bigrading (3, 7¢),
w of bigrading (4, 12¢),
modulo the ideal generated by the classes hoh, b2, hau, u?+hiw.

Proof. The reader is invited to construct a minimal resolution.

To give an idea of the algebra structure of Extw(Z,, Z,), # odd, we give
the result for p =3 (in a way this is unfair, because here we have many more
relations than for the general p =5).

THEOREM 4 (p=3). The indecomposable elements in Extw(Zs, Z3) have a
basis consisting of the elements ko, Mo, b1, M1, po, Vo, X, 0, 03. The relations satisfied

by these elements are (where { , , } is the Massey triple product):
hiky = 0, hix = — hooz = Ay,
Mk =0, Mos = 0,
Afho =0, hiho = — hopo,
Vo = {hl, ho, hl}, Mho = — ko,
po = {ho, by, ho}, hos = — )\i,
o3 = {hl, Ay, hl}; hox = Ao,
X = {ho, ks, >\1}, Aovo = — pz,
hipo = hovo, Aix = ogvo.

Proof. We can exhibit a minimal resolution for Z; over W and read off the
above relations by means of the Yoneda constructions.
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